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"ABSTRACT

Research was underteken to investigate the possibility of
operating & milbicavity magnetron at wvalues of slsectrical and
magnetic fleld near the characteristic values, This would meke |
possible the scaling of the magpetron to very short wavelengths i
before encountering diffioculties with anode heating and magnetic \
fleld limitetions. The essential change in design for low field v
operation is the use of a small cathode diamster, . y

An account is given of a familiar theoretical concept of
ordinary magnetron operation and this is related to the operation _
at low fields,’ Electron trajectorles are caleulated for low field AN
conditions, The theoretical concept of low fisld operation is in ' 5
general agreemenx with experimental results obbalned at this labor- Y
story,. T

Experimental results are given for an 18 segment anode, It
ie essential that a sharp cut=off curve be obtained to sllow for
low field oscillations, The vioclation of the Hull cut=-off rela-
tion at high woltage places & limitatlion on the voltage et which.
it is possible to design low field magnetrons.
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ANALYSIS OF MAGNETRON OSCILLATIONS

AT LOW MAGNETIC AND ELECTRIC FIELDS

Magnetron Types

Magnetrons have been used for many years to generate very
high frequencies. As the demand for higher frequencies continued,
newer types of magnetrons were developed to satisfy the require-
ments of high power generators. During World War II, the traveling
wave type or multi-cavity magnetron was developed to a high degree

as a pulsed generator for radar transmitters and as a high power

C.W. oscillator. Figure 1l illustrates in schematic outline a modern

traveling wave type oscillator.

,anode segments

Figure 1.

Magnetron outline showing rising sun type
resonant circuit. ’
Before discussing the electronic behavior of magnetrons, a word

should be said concerning the resonant circuit.
WADC TR 52-171 -1
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circuits for centimeter wave magnetrons fall into three general.
classes: rising sun, strapped anodes and interdigital resonators.

It is usual to design the magnetron reeonator to operate in the

m -mode, or resonant mode, in which there is 180° phase shift

from one. anode seyment to the next. Since the magnetron resonator
has many reson‘ant modes, it is necessary to suppress the undesired
ones, or move their resenant frequencies away from the w-mode. It
is mot the purpose of this paper to discuss the way in which this is

accomplished. However, Figure 2 illustrates the three types of

. resonators which have successfully éccomplished this purpose. The

rising sun type was used in the experimental work (to be described in |
later pages) since this type of anode is easiest to fabricate. Except
for minor differences, the electronic behavior is the same for the
different types of anodes. (1), (2)

It is the purpose of this report to discuss the electronic behavior

of magnetrons at relatively lower magnetic*fields and voltages than are

used in the conventional type operation of an oscillator of the same

(3)

size,

Traveling Wave Type Magnetron
In order to make clear some of the contrasts in the behavior of

magnetrons at low fields, it will be necessary to point out some of

the characteristics of ordina'ry traveling wave magnetrons. Abldis-

cussion of what happens in the magnetron interaction space {the space
WADC TR 52-171 -2 - ‘
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between cathode and anode segments) is r;rzost easily based on the
equations of motion and Maxwell's equations.

For the discussion of the electronic interaction, non—relativistic
mechanics will be assumed. Also, the effect of the magnetic field
associated with the alternating electric field will be neglected. Ap-
pendix II discusses the magnitude of the relativistic effects for planar
and cylindrical geometry. Planar and cylindrical inverted (i.e.,
cathode on outside, anode segments on the inside) magnetrons have
been successfully operated, but the principal int‘erest in this paper
will be the ordinary type interaction space, in which a cylindrical
cathode is surrounded by a cylindrical anode, as in Figure 1. End
effects will be neglected, and it is assumed that the anode current,
power input and output of the magnetron are .proportional to its length.
With these assumptions, it is seen that the static electrical field is
radial. For convenience of analysis, w-mode operation will be as-
sumed. It would be possible to keep a generalized notation, but this
would only complicate the algebra, and would not contribute to the
generality of the results. In the w-mode of resonance, the instanta-
neous angular electric field at the anode radius is as shown in Figure
3. The letter ¢ is used for angle. Cylindrical coordinates are used,

and the magnetic field is in the axial or z-direction.

WADC TR 52-171 -4 -




) v Zﬁ- ’ qu ¢
N N
Figure 3.

Electric field at magnetron anode.

The electric field is zero at the tip of the anode segment or
vane, and alternately positive and negative at the succeeding gaps.
At the cathode, the angular field is zero. If it is assumed that all
alternating fields vary as csjmt (real part being understood), then

the following relationships are obtained from Maxwell’s equations:

E =_ 1 oM (1)
jwer a¢
E, = - s 2
¢ jw€ or (2)
L3 oH,, 1 3°H
2 2 -
T 57 5l e O
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where Er' E¢ and ﬁz are functions of r and ¢ only but not functions
of t. This formulation neglects the effect of space charge on the rf

field configuration. Equation (3) has solutions of the general form

{00 (Br) 4k Ny (pr)} 7™

where k; and k, are arbitrary constants. The index m is an integer
and J,,, and N, are Bessel's functions of the lst and 2nd kinds
respectively.

For a resonator with N gaps, there are N/2 complete cycles in
the electric field configuration around the anode. (See Figure 3.)
This requires that m have the values

N/2, N, 3N/2, . . .

The magnetic field in the interaction space can be expressed as

Nn¢

+ 00 :

Hy= 2 {knt Inn/2 (Br) + knz Nun/2 (p )] e

nes -0

(4)

The constants knl and k> must be determined from the boundary
conditions. Each term of this summation can be considered as a

component rotating wave. The angular velocity of rotation is

obtained from

Wt - nN¢

= constant
or

(s

(8
AL

%ADC TR 52-171 -6 -




. +
Thus, the fastest of the component waves is the one for whichn= _ 1.
The corresponding electric fields are obtained by substituting

equation {4) into (1} and (2}. There results

+ 0o j(ut—nN‘P‘
E.= > N g N 6)
T n=z -0 2WwWETr Nn/z(ﬁr}e ©;

+w . nNg

3wt 'T)

n= - J® €1

In these equations, the function - RNn/z (P r} has been substituted
for {kn1 Tnny2 (BT) + Y05 Nyp/p (p r)}

Equations of Motion

Before discussing the rf fields any furfher, it will be instructive
to consider the mechanism of exchange of energy between electrons
and the rf field. A static radial field, and a constant axial magnetic
field with both radial and angular components of rf electric field are
assumed. The equations of motion of electrons in the interaction

space then are

-i(m—gf-)—mr(i?—zz-eE -Ber-f‘—‘-p— ’ (8)

dt r dt
and,
d d d
—_— mr2 i = - er E¢ + Ber - . (9)
dt dt dt

Here B is in the positive z direction.

WADC TR 52-1T71 -7 -




The lst integral of equation {9} can be written as

t 2 2
2 do¢ r -T¢
mr = -e r E, dt + Be — S {10)

where r_ is the cathode radius.

In the first term on the right-hand side, r is to be interpreted
as the radius of a particular electron that starts out at the cathode
att =t , and E¢ is the angular component of the electric field at |
radius r. It is assumed that _g%. =0atr=rcandt=tgy. Ifr(t)
oscillates with frequency w, this term can contribute a cumulative
effect. This case is of little interest, however, as the magnetic
field necessary to bring about this condition is relatively high. An-
other condition under which the integral can contribute a cumulative
effect occurs if the angular position of the electron varies in such a
way that E¢ is always positive (or negative). The expansion for E¢
{equation 7) shows that if the electron rotates with approximately the
angular frequency of one of the rotating components, this component
will cause the integral in equation {10) to build up cumulatively. The
component with the same velocity as the electron is the part of Eg
which causes the effect to accumulate. All of the other components
of E¢ then represent perturbations on the integral of frequency w,
2w, etc. Thus, the principal effect of the rf field on the electron

velocities can be calculated from the single component of wave which

is traveling with nearly the same velocity as the electrons.
WADC TR $2-171 -8 -
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It is possible to see how to produce an electron stream traveling
with the same velocity as the rf wave by considering the behavior of
a static magnetron, with voltage below the cut-off voltage. Appendix
I considers the possible self-consistent space charge distributions in
the presence of a purely static field for both planar and cylindrical
geometries. Appendix I is concerned mainly with the V-I relationship
and with electron trajectories when the magnetron is conducting cur-

rent. If a voltage V_, less than the cut-off voltage, is applied to the

a’
magnetron anode, electrons cannot reach the anode through static
fields. If r) is taken as the maximum radius that the electrons can
attain and V| the voltage at that radius, there must be a potential’
distribution inside the radius r| corresponding to a magnetron of
anode radius r) at the cut-off voltage, but conducting zero net cur-
rent, Outside the radius r;, the space charge is zero, and there is
a logarithmic potential distribution. At the edge of the electron

claud, the radial velocity is zero. It is shown in Appendix I that

the potential and the angular velocity for the static magnetron are

given by
v 1l m {(__er 2+(r¢....2_d 2 (10a)
2 e dt dt
d d¢ Be r 2
an r 29 .=¢ - <
T T r (1 rz) : (10b)
2 2 rz 2
From these one may obtain: V= _1_ __‘3_{(9_{) + (_B_e_) r2<l ._E ) g
| 2 e (lat 2m 2

-9 -

-
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2 2 2 2
dav m d°r Be r r
and —_— 2 ot - C)l+ -Q—)} 11)
dr e dt2 * (Zm) (r r ( ré ( /

It is seen that dV/dr is always finite. The radius r) is obtained

by matching voitages and voltage gradients at the boundary ry. For

r > r; the potential is

V-V = 1t — - (12)

The voltage gradient for r>r| is

=2 —_ (13)

Tn_r_a_. r
T

Since the radial velocity is zero at the edge of the electron cloud,

2 .2
v, =+ ™ (P_?_ r2 (1 - C) (14)
2 e 2m r%

and, from matching the gradients at the boundary

m Ty er Bed 2 r 2\ 1'2
Vao-V, =2 [pn -2 r o+ | — r 1- < 1+ < }}. 1
A r 1 "¢2 (Zm) 1 ( rr’- I( rlz (15)
It follows that
oy dr L1
T d 2 )
V. (rl rl) I r, dt (rl - rcz)( ;‘12'
\'4 T2 r 2( . XéY, Be 2 ré\2
¢ (Ta -‘-) Ta \* = 2)('_") Ya - )
r ra 2m Ta

where V. is the cut-off voltage (Eq. 107 Appendix I). In equation
WADC TR 52-171 - 10 -




2
(16), the radial acceleration d°r {5 evaluated at the edge of the

dt?
electron cloud.

If a space charge configuration is assumed in which the electrons
move in circles around the cathode with zero radial velocity, this
term is zero. If, however, there is a double stream of electrons
as obtained in Appendix I for ra/m'c very large, the radial acceleration
is not zero at the edge of the space charge cloud. For Ta/r. small,
the acceleration at the edge of the space charge cloud becomes small,
and in fact, is zero for a planar magnetron, and for the cylindrical
magnetron with ra/rc up to about 2.5. Figures 4 and 5 show */ry,
plotted as a function of va/Vc for ra/rc = 10 and ra/rc =1,5, For
the plot of figure 4, curves are shown for the assumption of single
stream and double stream where the accelerations are obtained from
the calculations of Appendix I. In figure 5, it is assumed that the
radial acceleration is zero at the edge of the cloud.

At the edge of the space charge region, the electrons travel

with angular velocity as obtained from equation {10b)

With proper adjustment of B and V,, one can clearly obtain an
electron stream which is traveling at the wave velocity. This
interpretation certainly omits some very important features of the

static magnetron. In particular, there is conduction of current
WADC TR 52-171 - 11 -
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Relative radius of electrom eloud rl/ra as a function of

relative anode #ol,tage Va/Vc for r,/r = 10.
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Figure 5

eiectron cloud rl/ra as

Relative radius of

a function of relative anode voltage V,/V_

for ra/rc =3/2 .
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below the cut-off voltage and back bombardment of the cathode. (4)
These phenomena are closely related. The violation of the cut-off
condition and back bombardment of the cathode become more pro-
nounced at high voltages, and must be a considerable factor in the
behavior of magnetrons at high voltages. The effect is undoubtedly
present at low voltages, but a theory which neglects these effects
should give a zero-order approximation to the actual behavior. This
approximation is illustrated by the relative success of the simplified
theory in predicting the operating voltages and fields and the elec-
tronic efficiency of the ordinary traveling-wave type magnetron.

A physical explanation of the mechanism by which the ordinary
magnetron oscillates is the following. Just before oscillation there
is a sheath of electrons surrounding the cathode. The outermost of
these electrons are traveling with approximately the same velocity
as the rf wave when it is present. Small rf voltages build up, and
the electrons lose energy to the traveling wave and move out toward
the anode due to the fact that their angular velocity is lessened. The
factor d¢/dt is very nearly constant in equations (8), (9) and {10),
after the electron departs from the electron sheath around the
cathode.

An electron, which is to travel ultimately from cathode to
anode, leaves the cathocie and is accelerated through the space

charge sheath around the cathode. As it approaches the outside of

WADC TR 52-171 - 14 -




the space charge sheath, it experiences a retarding force due to the
rf field which is present. This rf field forces the electron to
maintain a relatively constant angular velocity. The dc field pulls
the electron out toward the anode. During most of the trajectory the
electron is controlled by the rf field. Near the cathode the electron
is accelerated outward and acquires angular momentum in essential-
ly a dc phenomenon until its angular velocity becomes w;, the angular
velocity of the rotating wave. At this time the angular velocity be-
comes essentially constant.

Denote as r; the radius at which the angular velocity d¢/dt be-
comes w; and call the voltage at this radius V;. The angular velocity

w; is, from equation 106 (Appendix I)

2
w = _2?.5_ 1-3.‘12_) . (17)
m Ty

Radial velocities will be neglected so that
v, = 1! 2 .2
eV, - Ml T (18)
the total kinetic energy of the electron, which is rotational.

For the space outside r = r;, the assumption that de¢/dt = N

and dr/dt = 0 in equation (8) results in

e (dV/dr} = (Bew - muwl)r . (19)
Integration of (19) yields
2 2)
ré-r

WADC TR 52-171 - 15 -




Equation {20) will be reduced to dimensionless variables using
V/Vy and B/B,

where V,; and B( are defined respectively by
1 2 2

eVy = > mr,’ o/ (21)
and
B,e 2
w = 0 (1 . f_C_) : (22)
2m rg

Thus it is seen that V, is the voltage necessary to give the
electron the velocity r, w; and B, is the rﬁagnetic field which will
give the electron angular velocity w; at the anode if it travels from
cathode to anode in static fields. In terms of these variables, the
Hull cut-off voltage, as given by equation {107), Appendix I, may
be expressed as

V/Vy = (13/130)2 (23)
This equation is obtained by dividing equation (107) by equation
(21} and then eliminating w; by using equation (22).

In equation (20}, Vi and r{ are functions of B in general.

The particular functions are given in (17) and (18), which may be

used to eliminate V; and r, in (20). Then, with r = r,, there

1

results

V/Vo: .E—?— ~1

B, {24)

WADC TR 52-171 - 16 -




This is the Hartree relation and represents the minimum
voltage that allows electrons to flow to the anode in the presence
of an rf field.(S) The graph (Fig. 6) shows the cut-off curve and
Hartree curve, in telrms of dimensionless variables. The Hartree

curve is tangent to the cut-off curve at V = Vo, B = By.

4

Hull cut=off ~y

Hartree voltage

S

Ny
O
CDbCD

Figure 6

Normalized Cut-off curve and Hartree curve.

Normal traveling-wave magnetrons operate near the Hartree
curve at values of B several times Bg. It is the purpose of this
discussion to consider the optimum type of operation at values of
B near B = Bg. It is illuminating to consider the dependexce of ry
(see equation 17) on B/B( near B = B;,. Substituting for w, in

terms of By (equation 22), one obtains

2 2

re BO re
— =1 - (1 . ) . (25)

r% B r2

WADC TR 52-171 -17 -




The implications of this equation are considered in the follow-
ing discussion. Figure 7 shows the dependence implied in equation
(25) for various values of r./r,. For each cathode size, r| = r, at
B = By. To satisfy the requirements of the physical picture of the
electron-field interaction, the electrons must become synchronous
with the traveling wave at a radius where the rf field is strong
enough to change the electronic velocity. On the other hand, the
radius where synchronism occurs must not be so great that there
is no space in which the electrons can deliver energy to the rf field.
Since the synchronous radius is a function of both rc/ra and B/BO,
the correct cathode size is dependent on the range of B/Bo in which
it is desired to operate. If one considers the extreme case of
rc/ra = 0.1 and B/Bj = 1.3, the radius at which the electrons are
synchronous with the traveling wave is 0.2r,. At this radius the
rf field strength for an 18 vane anode operating in the w-mode is
approximately 2 x 10-6 of the field strength at the anode, as de-
termined by equation {27).

Thus even for relatively large rf fields at the anode, the field
strength at the radius where the electrons and the electric field
are synchronous is extremely small. If the rf field intensity is
less than that resulting from the noise fluctuations of the electrons
themselves, the electrons could not be expectéd to deliver energy

WADC TR 52-171 ~18 -
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to the ac field. If the cathode is too small, the rotating electron
space charge cloud is not coupled sufficiently closeyto the rf field
to allow the magnetron to oscillate in the normal manner.

Conversely, if the cathode is too large, the electrons do not
become synchronous with the rf field until they are almost at the
anode, thus not making use of the rf field. Also, the cathode partial«
ly shorts out these fields. This results in a reduction in efficiency
of operation.

In order to give approximately correct coupling, the synchronous
radius should occur at approximately the radius where the amplitude
of the rf field is a given fraction of the amplitude at the anode. This
means that the ratio rc/ra. is a function of B/B, the ratio of mag-
netic field to characteristic magnetic field, as well as N, the number
of vanes. Figure 8 shows the value of r /r_ for various values of
synchronous radii as a function of B/Bo. In every case, the cathode
radius approaches zero as B/BO approaches unity. From this one
might conclude that to operate a magnetron very near the character-
istic magnetic field, one must have a cathode of very small radius.

Cathode Sime for Normal Type Magnetrons

The concept of energy exchange supplies a clue as to the cor-
rect cathode size for operation at values of B several times By.

Since the curves of figures 7 and 8 flatten out as B becomes several

WADC TR 52-171 - 20 -




. l

Cathode size as a function of B/B for

various synchronous radii.
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times By, the cathode radius should be relatively independent of
B/B, for a large range of B. Assuming that the resonator is to
operate in the m-mode, if the cathode is too small, or too far away
from the anode, the oscillator will have a tendency to operate in
the wrong mode because the electric field associated with the
proper mode may be too weak at the edge of the space charge
sheath. This may allow the magnetron to start oscillating in a
mode different from the proper one. On the other hand, if the
cathode is too large or too near the anode, osciliations will be
inefficient because part of the rf fields are shorted out. A formula
that places the cathode at approximately the correct distance from

the anode for normal operation is

fe @ N-4 (26)

r, N+ 4

The tangential electric field at the cathode is, of course, Zero;
but if the field E¢ is calculated in the absence of the cathode, the
cathode surface comes at the radius where this field component
has fallen to about 3% of its value at the anode. Referring to

*equation (7), if there is no cathode, the function RNn/2 (ﬁr) must
be replaced by JNn/2 ( pr), the Bessel's function of the first kind .
Since r is a small part of a wax;:i;x;gth, JNn/Z (p r) can be re-

placed approximately by (pr/Z)
Nn/2 !

WADC TR 52-17% - 22 -

Considering only the




fundamental space component of the wave, one has

Eqs
E¢a T

_ x Nz-1 (27)

a

where E¢a is the amplitude of the fundamental component of the
traveling wave at the anode, and E¢ is the amplitude of the same
wave at radius r. If E¢/E¢a is taken as 1/30 and r = r_, one

obtains the design formula

C - l (28)
r 1

0N7Z-l

3
This is compared with {N - 4)/(N+4) for a range of N from 4 to
38, and with actual values used in normal traveling wave type

magnetrons in the following table:

1 N -4 Value Used in
N 1
N+4 Actual Tubes
30 N/2 -1
4 .033 0. . 152
8 .322 .33 .35
10 . 427 .428 . 500
12 . 506 .50 .5 - .58
16 .615 . 600 .59 - .66
18 .655 .637 .6 - .62
20 . 685 .667 .6 - .61
26 . 755 .733 . 707
38 .828 .81 .76
It is evident from the tabulation that the actual departure of
commercial magnetrons from the condition that iS = N-4 is
T, N+4
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about as great as from the condition imposed by equation (28).

Transition to Low Field

The picture of the mechanism of oscillation in the magnetron
must be altered somewhat to account for the phenomena at low fields.
It is well known that an electron stream traveling with very nearly
the same velocity as an rf wave will exchange energy with the wave.
(This is the operating principle of the traveling wave tixbe.) Suppose,
for example, that a very small cathode (say rc/ra = 0.1) is used in
an 18 vane magnetron with B/BO set at 1.2. The radius at which
the electron stream becomes synchronous is approximately 0.25 r,.
For w-mode operation of an 18 vane magnetron, the rf field would
not appreciably affect the trajectories at this radius. As the anode
voltage is raised closer to cut-off the electron trajectories will come
nearer the anode and into a region of greater rf field intensity. The
angular velocity of the electrons at a given radius is proportional to
B, the magnetic field, if the electron traveled to the radius through
static fields. Hence the velocity of the electrons will not exceed that
of the rotating wave by a fraction greater than {B/Bg - 1) so that there
is still the possibility of energy exchange and oscillation for B/BO
in the vicinity of 1. If a small cathode is used, the angular velocity
as given by equation 106 is almost constant throughout the trajectory.

However, as B/Bg is made much larger than 1, the velocity of the
WADC TR 52-171 - 24 -




electrons begins to differ too greatly from that of the wave, and there
is no exchange of energy. Thus for small cathodes, there should

be a maximum magnetic field at which the magnetron will work.

Also for small cathodes, the voltage at which the magnetron starts

to oscillate should be determined by the anode voltage necessary to
pull the electrons out to the region of strong rf fields.

In experimental magnetrons built at The Ohio State University
Electron Tube Laboratory, qualitative agreement with these con-
clusions has been obtained. These experiments are described in
detail in a later section. The following section consists of a
theoretical verification of the proposed concept of energy exchange

for magnetrons operating at low fields.

The Electron-Electric Field Interaction

A more detailed theory of operation requires the actual calcula-
tion of electron trajeci;ories in order to obtain the electronic energy
at the anode and, hence, the electronic efficiency. In experimental
models built in the Electron Tube Laboratory, it has been ocbserved
that the voltage -current relation is essentially the same whether the
magnetron is oscillating or not. From this fact we can conclude
that even in the absence of an rf field the trajectories pass close
to the anode. Figure 9 shows the cut-off curve, Hartree curve and
the voltages which are necessary to pull the electrons out to 0.8
and 0.9 of the anode radius, assuming rc/ra = 0.1. The last two
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Voltages necessary to produce electron cloud radii

of 0.8r,and 0.9r_, r /r_ = 10.
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curves are obtained from Fig. 4 and are approximately 93% and 98%
of the cut-off voltage. A reduction of 7% in voltage under oscillatory
conditions could certainly be detected experimentally; but a reduction
of 2% could not be detected with the accuracy of available instru-
ments. In fact, the wave guide tuner does have a very slight effect
on the magnetron current and voltage. If the tuner is adjusted to
give vigorous oscillations, the anode voltage at a given current is

1% approximately less than if there are no oscillations.

In Appendix I the potential distribution is obtained for a 2-stream
condition in a magnetron at cut-off. Figure 10 and Fig. 11 show the
distribution assuming that the edge of the static electron cloud is 0.8
and 0. 9 of the anode radius. Because of the space charge effects,
the potential is almost linear inside the space charge cloud for the
2-stream case. In fact, if the voltage gradient is assumed constant
and trajectories are calculated, they agree very well with those
calculated from the exact equations.

The potential distribution for the self -consistent solution below
cut-off in which the electrons all have zero radial velocity is also
plotted. In Appendix I, it is shown that there is no single stream
solution in which a net current less than about 3/4 of the Langmuir
current (less than the Allis Current) can be conducted. The only
possible space charge condition for small cathode diameters is the

2-stream solution in which the arithmetical sum of the currents is
WADCS TR 52-171 -27 -
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the Allis current while the algebraic sum is the net current. This

matter is discussed more completely in Appendix I.
If a constant dc potential gradient is assumed, the differential

equations of motion are

2 2 \%
d d e a e Ber
;"(———U = = ———— - — Erae - —9¢ (29)
dt dt m r.-rg m m

d (rz d¢) =. & . Fi))+ Be . dr ' (30)
dt dt m m dt

where the radial field is assumed to be

E,=- ——e  +E___ . (31)

These equations should give a fairly good approximation to the
dynamic behavior of the magnetron if the space charge cloud very
nearly fills the interaction space.

The specific form for the rf fields must be obtained in order
to proceed with the dynamic solution of the problem. Since the
low field magnetron works best with a small cathode, approxima-
tions consistent with the use of small cathode radii will be used.
Furthermore, it is true of all practical magnetrons that the anode
radius is a small part of a wavelength -~ so that B fa/Z is no
greater than 1/2.

The expression for the space fundamental component of the

traveling waves in the interaction region is obtained from equation

(4).
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jlwt - N¢/2
Sy Inyz (Br)+ %, Nyyp (ﬁr)’g St - Ne/2) (32)

Substitution of this expression into equation (2) gives the correspond-

ing component of E¢.

jlwt -Ne/2}

Bpr = - b Eku Inj2 (BR)+k, Ny (BE)5 e (33)
It is necessary that E¢ be zero atr = r.. Hence,
Ky Injz (Bre) + ¥, Nigsp (Bre) =0 (34)
or
J?3 (Bre)
klZ = - kn N/Z (35)
NfV/Z (prc}
Thus,
Ky s In/s (B ) j(wt - Ng/2)
Eg1= - s n{JN/z (pr) - —N2 Tl Ny (prife
J € I\ﬁv/z (prc) ( )
36

The use of an approximation for Bessel's functions for small values

of the argument yields

oz -2 pes (Br/2) ‘
Nny2(Br) = - N2 i N/z -1 2(N/3 -1)(Njz-2) S
(37)
J (pr) = 1 (gr/Z)N/Zil-_(_S__f./_z_)_i_‘f...} (38)
N/2 (N/2)t N/2 +1

If (pr/2) is not greater than 1/2 and N = 18, the first term

of the expansions gives a good approximation to the functions. Thus,
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_(N/2 - 1)1 (n/2) 2N/2

Nn/z (BT = LT (39)
* ge 1 N2 (40)
) o () e /2)

Substitution of these approximate expressions into equation (32)

gives the result

w (ﬁrC/Z)N (41)
N/2 ' (N/2 - 1} 1

ki = - kpy

Thus equation (36} becomes

F r N j{wt - No /2)
E, = —Pku ¢ r) - (pre/2) N r) eJ
pl Toc ZN/Z(ﬁ ‘ N/21(N/2 - 1)1 N/2 (P g

Consideration of a practical case will give an idea of the order of

magnitude of the two terms. Thus, let it be assumed that (5 ra/Z)

= 0.5 and (Br./2) = 0.05 and N = 18. Then,

T (pro/2a)t®

= .85x107°°
9! 8!

(42)

At ([5 r/2) = 0.05, the two terms are equal and cancel out.
The first term increases as r8, and the second term decreases

-10
asr .

At (Pr/2) = 0.1 the ratio of the 1st term to the 2nd one
is 218, Thus the part of the field contributed by the Bessel's
function of the 2nd kind is insignificant compared to the Bessel's

function of the 1lst kind. If only the Bessel’s function of the lst

kind and the 1st term in the expansion of this function are kept,
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equation (32) becomes

H_,=C(p r/z)N/Z ojlut - Ng/2) (43)

In this equation, C is a constant to be determined by conditions at
the anode. For the evaluation of C, it will be assumed that the
average rf voltage along the ¢ -coordinate line at r = r, is the same
as the average of the fundamental rotating components. For this
purpose, it is necessary to obtain the standing wave resulting from

oppositely rotating components. Thus,

H:l =2C (B :L-/z)N/2 (cos N¢/2) st (44)
~ .

Ep = - ij:r e/2)/2 sin (Ng /200 (45)
* ~ .

Eg1 = i (g,r/z)N/Z ! cos (Ng/2} &I (46)

The * will be used to designate the sum of oppositely traveling wave
components. It has been tacitly assumed that E¢ is symmetric about
the coordinate ¢ = 0. This will happen if a gap in the anode is

centered around ¢ = 0, as in Figure 12,

i

Z\A

¢

o

<
I

rde!

¢= -

Figure 12
Orientation of magnetron anode.
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A voltage Vl ejwt will be assumed across this gap. The constant

C is determined from the c"ondition

*
v, Jdoto Egy T, 99 (47)
- /N

*
where E¢1 is evaluated at r = r, or

C=- jw € v, (48)
N/2
4 (pra/Z)
Substitution for C in equations (42) and (43) gives
Epy= OV, ) (v/r V2 sin (Ng/2) &I (49)
. jwt
Bl = (NV) ) (c/r)N/% cos (No/2) & (50)

The equations of motion and the formulae for E, and E¢ P

will be expressed in terms of dimensionless variables

R:r/ra (51)
1= (-.-B%f— = wy t (52)

Alternate forms of E.; and E¢1 including time variation are

Re [E:l] - N R(N/‘2 -1) sin (N¢/2} cos (w/wy, T+ K} (53)

4r
a

]

NV, R(N/z - 1)

Re [Ezl] e cos (N¢/2) cos (w/wp T+x) (54)

a

In these equations, an initial phase angle oC is introduced to
allow for electrons starting their trajectories at various parts of

the cycle. Real parts have been taken.
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Another representation of the field is in terms of rotating
components. The rotating componentsof the wave are obtained by
expressing the products of the trigonometric functions in equations
(53) and (54) as the sum of the two functions using trigonometric
identities. The two resulting terms represent oppositely rotating

waves. The components which rotate in the +¢ direction are

NV N
1 R(N/Z 1)

E g =- i sin (w/w - Np/2 +eC) (55)
NV -
Egy = - rl R(N/Z 2 cos (w/wLT- N¢ /2 +<) (56)

a

If an electron stream is traveling in the +¢ direction with
velocity very nearly the same as the rotating component of wave,
the component which rotates in the opposite direction will result
in perturbations of frequency 2w. Thus it is not possible for the
interaction of the electrons with the wave which travels in the
negative direction to be cumulative. For this reason, only the
component which travels in the +¢ direction will be retained.

Substitution of dimensionless variables in the equations of

motion (29) and (30) yields

2
d“R eV
— = R (dq:/dt)z + 2R (d¢/dt) + a —
at m w]’_zl ra (ra "rc)
- e Eoac (57)
2
m wL l'a
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4 (g2 E?__) = 2r R _____.‘i____RE¢ac (58)
at dt W mulr,

Replacing E___ . and E¢ac by the expression (55) and (%6) gives the

result

e V.

4= ( ) +2r % 4 a

dt me a (rg - ro)
e NV, (N/2 -1)
+ R sin (w/mL‘E - N¢/2 + ) (59)
8 m wf ra2
_d..ézz .‘.’2_) =2 BB ETW RN/ o (wfep - NeJ2 4 )

(60)
These equations can be further simplified by using the cut-off rela-

tion (equation 107) which can be expressed as

2
T x
eV = _l.meZ rf(l - ——Zc-—) (61)
2 ry

[of

The equations of motion become

2
LR g2y e (1421 -2 ) +2r4E
dt? dt /- 2v, Ta r2
2.1
NV N/2 -1
+ 1(1 -.r_c.__) R( / )sin(_ﬁ’_. -—-—+0() (62)
16Vc raz' ""L 2

2 2
d 2 d dR NV (N/Z - 1) N
——-—(R izZR = . =2Y1 (l - -—-——2) cos(—oi-t- —-—-¢ +ﬁ)
r wy, 2
63
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For any reasonable value of N, it is impossible to solve these equa-
tions analytically. A possible approach is to use a perturbation
theory, either in stationary or rotating coordinates. This does not
seem to be a fruitful course of action. Solutions were obtained for
equations (62) and (63) for a range of values of o< and

NV)/ 16V_(1 - rZ/r2)® for N =18 and ro/r, = 0.1 using the
REAC analogue computer at Wright Field. A value of 1/2 was taken
for (V,/2V )(1 + r/r)(1 - r 2/r2). This means that V, =0.91V,.
Under static conditions, the edge of the electron cloud is at R = .88
or . 90 depending on the space charge configuration, as obtained from
Figure 4. This value is obtained from ''exact' calculation of poten-
tials. The value obtained by the computer using the approximate
voltage distribution was 0.875. An elementary calculation of the
static voltage at R = 0,875 and of the cut-off voltage at this same
radius show the two to be the same, as expected.

The electronic efficiency is

= 1 v 2

’? =1 -_m _Y__
e 5 . (64)

= a

In this equation 72

is the mean square electronic velocity averaged
over all of the electrons. The trajectories for the equations (62) and
(63) can be used to obtain electronic efficiencies for values of Va/Vc
different from 0.91 by terminating the trajectories at a radius dif-

ferent from R = 1 or atradius r Thus, if the trajectories are

a’
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terminated at R = 0. 88, Va/vc would be equal to 1. It is only neces-
sary to take into account the fact that the normalizing factor is changed
in the dimensionless variable R. Actual electronic efficiencies calcu-
lated for Va/Vc = 1 were very low and could easily have been zero
within the accuracy of the computations.

However, this situation is changed if the trajectories are ter-
minated at R = 0, 905. This value was taken for convenience in read-
ing the computer curves. Actually, the efficiency changes slowly
with a small change in the radius at which the trajectories are stopped.
However, it was not possible to take the value of R much greater than

0.905 and remain within the capacity of the computer. At R = 0,905

the static voltage is

! . 805

V, = 22y, =.894V_
09
=.813 V, (65)
vie (902 _(L- 1/31)%
= V.= .82V, (66)

(1 - 1/100)%
The static voltage at R = 0. 905 is designated by V' and the cut-off
voltage at R = 0.905 is designated by ch . Thus, from (65) and (66)
Va = .99V,
These calculations show that, for the anode radius assumed, the

anode voltage is 99% of the cut-off voltage. Also the electronic

efficiency is
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where, as before, the bar signifies mean square values.

Substituting for mra2 sz from equation (61) results in

in . 2

ol Ve ﬂdR)2+(R f_d?;_v g

e (l-rcz/z'::)V; dt al
=1 - 1.245{9_};—)24.(11—?_&_)2 (68)
(5 o ® @) }
i 2 ¢ lues of d 30°
Figure 13 shows {(Ed__:_) +(R cid{_) } for values of of space

apart, for various values of B/BO and NVl/lévc. In each case the
velocity contributed by radial motion is negligible. If an electron
failed to get out of the interaction space in a reasonable time
(within the capacity of the computer), or if it returned to the
cathode, it does not appear on the plot. In no case did electrons
return to the cathode with appreciable energy.

The REAC computations can only be considered as a qualitative
indication of the actual behavior of the solutions to equations (62)
and (63). The plots of Figure 13 are scattered and discontinuous
because a small change in an electron orbit can make a large change
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in the number of loops that the electron makes between cathode and
anode; they do not represent inaccuracy of calculation.

A change in the phase angle of 30° may be sufficient to make a
large difference in the energy exchange. The electronic efficiencies
calculated on the graphs are based on equation (68}, and the assump-
tion that the number of electrons leaving the cathode is independent
of phase angle o . Furthermore, while the presence of space charge
is accounted for in the static voltage, space charge effects are not
inclﬁded in the rf voltages. The values of mean square velocity are
shown, as are the electronic efficiencies under the various conditions.
The ratio of the maximum ac voltage gradient to dc voltage gradient
is also listed; this value is obtained by using equation (62} and the

constants used for the computation. The dc gradient is given by
v T r2
= ( 14 =< )(1 - — )
2V, r. rs

The maximum ac gradient for the principal component of rotating

wave is given by

2

NV r? N/2 -1

1 1 - —= R( / )

16V, r 3
Since the maximum values of E and E are the same,
rac gpac
the ratio of the two gradients gives either max E 40 or max E¢ac .
Edc Edc’
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2
In the computations, EY\-/E- (1 + ff_)(l - Tc ) was taken as
c

ra r}

NV, , r2.?
1/2; (1 ._‘ZL) had values of 0.2 and 0.4. At R = 0.905,
r
a

16Vc

this gives the approximate values of 0.05 and 0.1 for the ratios of

NV, , r?
max Eac/Edc for the respective cases. A value for (1- ¢ )

of 0.1 was also tried in the computations, but this field strength
was so small that it was not possible to get even qualitative calcula-
tions. The effect on the trajectories was so slight that the electrons
did not reach the anode in a reasonable time.

If it is supposed that the electrons have a mean square velocity
equal to that of the traveling waves when they reach the anode, and
that radial velocities are negligible, the efficiency can be calculated
from

e Va -eV,

7 = . (69)

eV,

In this equation, V, is the characteristic voltage; and eV, is the
energy the electron must have to travel at the wave velocity. For
the particular case of Va/Vc = 0.99, and the values of 1.11, 1,25
and 1. 34 for B/Bg, vV, is O.C)C}(B/Bo)2 or 1.22 V,, 1.55 V and
1.77 Vo' These values correspond to efficiencies of 18%, 36% and
43%, as calculated from equation (69). For B/Bg = 1.25, the maxi-
mum efficiency, as calculated from the trajectories, is the same

within the accuracy of calculations obtained from equation (69). At
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the higher and lower values of B, the efficiencies obtained from the
trajectories is much less than that obtained from equation (69).
This is because the extremely simple picture does not include the
limitations placed on the allowable difference between the wave
velocity and electron velocity, for proper interaction between the
electrons and the wave.

The calculations give qualitative agreement with the concept of
an electron stream traveling with velocity slightly greater than an
rf wave delivering energy to the wave in a manner analogous to a
traveling wave tube. The fields in a magnetron, however, are dif-
ferent from those in the traveling wave tube in that, in addition to
a field component in the direction of travel E¢, there is a transverse
component E... Also, the situation is complicated by the fact that
the static trajectories of the electrons are not in relatively uniform
rf fields, as in the case of the traveling wave tube, but are alter-
nately in strong and weak fields. To illustrate this fact, electron

trajectories are shown for several values of o< for B/Bo = 1.25

max Eac
Eq

and = 0.05 in Figures 14, 15 and 16.

C

Experimental Results

A series of experiments was undertaken to study the qual -
itative change which occurred when the size of the magnetron
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cathode was changed. It was found that as the cathode diameter was
decreased, oscillations at low fields became more stable, within the
capabilities of the cathode to emit. For small cathodes, the range
of magnetic field over which the magnetron oscillates becomes finite.
All of the tests were made with 18 vane rising sun anodes. The ratio
of cathode to anode radius for normal operation as obtained from
equation (26) is

r¢/ra = 0.636
As this ratio is reduced from 0.636, stable oscillations are obtained
at lower fields. The best power output and efficiency at low fields
were obtained with r./ra of the order of 0.1.

Tests were made to determine the relation of the region of
oscillation to the Hartree line and the cut-off parabola. In Figures
17, 18 and 19, the shaded region is the oscillation region plotted in
normalized coordinates, for different magnetron anodes. The cut-
off cu'u've is the one calculated from the theoretical relation. Since
the currents used were of the order of 0.05 to 0.25 of the Langmuir
current, it seems very unlikely that the oscillations actually occurred
at voltages above the theoretical cut-off since the magnetron was
operating space charge limited at the cathode. The experimental
error inherent in the system was enough to shift this region by a suf-
ficient amount to place it above the cut-off curve. In each case the

range of magnetic field is approximately
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Region of oscillation and maximum overall efficiency
7( . The electronic efficiency is approximately twice
the overall efficiency.
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1.15 < B/Bg < 1.40

Plots of maximumr efficiency vs magnetic field are also shown in
the figures. The maximum overall efficiency is of the order of 10%.

Magnetron theories predict that the efficiency of the magnetron
goes to zero at B = By, V= VO. However, these theories are usual-
ly extrapolated from approximations made at high field conditions
and need not necessarily hold at low fields. The simplest of the
"high field" theories requires that the electrons reach the anode with
very nearly zero radial velocity and with angular velocity correspond-
ing to Vg volts. This results in a maximum value, as given by equa-
tion (69), for the electronic efficiency. For reference, this curve is
plotted in the coordinates of Figures 17, 18 and 19. This theory
certainly gives a larger value than is attainable since it neglects
radial velocities and the velocity acquired by electrons which return
to the cathode. It is very unlikely that the electrons would reach the
anode with average velocity less than the wave velocity. A less op-
timistic theory -- that the electrons have acquired the maximum pos-

sible energy when they strike the anode(b) -- states
2
v/B¢
’Yz =2l - (70)
Vo/BE
This efficiency is also plotted on Figures 17, 18 and 19. We see that
the actual efficiency obtaiﬁed is somewhere between these two estim -

ates. Rieke diagrams taken on all of the oscillators showed that the
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magnetrons had very nearly their maximum efficiency when working
into a matched load. Measurements of the Q's of the magnetrons
showed that in each case the resonators were critically coupled to
the load (i.e., Qp = Q,) so tha* the maximum electronic efficiency
is just tiwvice the maximum overall efficiency. Thus, the actual
electronic efficiency was comparable to the efficiency given by equa-
tion (69) and to that calculated from the trajectories. '

The anodes had fin thickness ranging from 0. 007 inches to 0.015
inches -- giving ratios of fin thickness to gap from 0.37 to 1.5. This
is listed in Figures 17, 18 and 19 as copper/space ratio. The anode
with the larger copper/space ratio worked at slightly lower fields,
but it did not attain as high an efficiency as for the other cases. How-
ever, the electronic efficiency was comparable to that given by equa-
tion (69) at the particular fields where the magnetron oscillated best.
Figures 20, 21 and 22 show a different aspect of the performance of
the magnetrons where the power and efficiency is plotted in the V -1
plane. In each case the maximum efficiency occurred at a current of
about 0.2 of the Langmuir current calculated at the characteristic
voltage V.

An attempt was made to operate a low field magnetron at higher
voltage than was used in the 3 cm. tube. For this purpose,. the anode
diameter was held constant and the wavelength changed to 1.6 cm.

In this case: N = 18; VO = 1,750 volts; BO = 1,500 gauss.
VADS TR 52-171 - B2s.
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No power output data are available for this oscillator even
though oscillations were obtained at the proper wavelength. A
great deal of trouble was encountered with this magnetron because
of the difficulty in obtaining a sharp cut-off curve. It was observed
that the sharpness of the cut-off curve at voltages above 1,500 volts
is a very critical function of the cathode centering. A set-up was
built in which the cathode could be moved laterally during operation
of the tube; and the position was set for the sharpest cut-off. It was
observed while the tube was oscillating that the cathode position which
corresponded to minimum current at a given voltage also correspond-
ed to maximurm intensity of oscillations. Furthermore, moving the
cathode as much as 0.002 inches from the position of maximum
intensity of oscillations completely stopped the tube from oscillating.

Back bombardment of the cathode was observed, but a more con-
clusive study would have to be made before anything can be said on
this subject.

The degradation of the cut-off curve is much worse than would
be calculated on the basis of small dimensional changes; the fact that
small dimensional changes produced such a great change must be at-
tributed to the setting up of ac fields when the cathode is moved slight-
ly. (Long wavelength oscillations were observed under some circum-

stances when the magnetron was conducting below the Hull voltage.)
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At cut-off voltages below 1,000 volts, the cut-off curve is not
greatly affected by small changes in the position of the cathode.

Also, the efficiency of operation of the oscillating magnetron is not
critically dependent on cathode position, with a tolerance of about
0.003 in. to 6.005 in. on the axial alignment for good operation.

The voltage at which it is possible to operate a low field magne-
tron is limited by the violation of the Hull cut-off at high voltages.
An estimate of the limitation of low field operation, therefore, de-
pends on a more complete understanding of the violation of the Hull
cut-off condition.

Another type of limitation which has not been studied is the
effect of increasing the number N of resonators in the anode. The
characteristic voltage V0 is independent of the number N of resonators
but dependent only on the distance from the center of one vane to the
center of the next one. The characteristic magnetic field By, how-
ever, is a function of the number N. The characteristic voltage and

magnetic field are related by the Hull cut-off equation

2 2.2
1 Boe> 2 r o
‘V»'S-——- = C
Vor mm(5R) (1 Tr)
a

If Vg is kept constant, but the number N of vanes is increased, the
anode radius is proportional to N. Since the ratio rc/ra of cathode
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to anode radius is not a function of N for low field operation, the
characteristic magnetic field is proportional to the reciprocal of
the anode radius (or to 1/N). Thus, it should be possible to operate
with a smaller magnetic field as N is increased. The electronic
operation, however, is certainly a function of N, the number of
resonators, and this would have to be investigated before any pre-

dictions could safely be made.




CONCLUSIONS

The behavior of multiple ‘circuit anode magnetron oscillators
has been studied at the lowest possible electrical and magnetic fields.
This type of magnetron operation affords very good possibilities of
scaling into the millimeter region since the power input to a given
size magnetron is relatively low.

The concept of the energy exchange at low fields, with small
cathode radius, is that the electron cloud fills up almost the entire
interaction space. The angular velocity of the electrons is 15% to
30% faster than the angular velocity of one of the rotating components
of the rf standing wave. Under these conditions, the electrons lose
energy to the traveling wave, allowing the tube to oscillate. This
concept is in agreement with both experimental results and theoretical
calculations. It is recommended that a study be undertaken to find
the effect of intreasing the number of resonators, and to find the
largest possible cathode diameter that can be used. The first objec-
tive could be done with continuously pumped, demountable tubes; the
demountable tube is not suitable for the second objective. The highest
voltage at which it is possible to operate low field magnetrons is
limited by the violation of the Hull cut-off at high voltages; it is doubt-
ful if voltages greater than 3,000 volts could be used. At anode
voltages much greater than 1000 volts, the cathode centering becomes

very critical and must be adjusted while the tube is in operation. A
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detailed study of high voltage limitations is not practical on the
demountable system. A complete study of the lirritations of low-

field magnetron operation requires the building of sealed-off tubes.
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APPENDIX 1
Planar and Cylindrical Magnetic Diodes

The theoretical and experimental analysis of the static magnetron

has engaged the attention of many workers as a necessary preliminary
to understanding salient features of the oscillating magnetron. The
simplest static magnetron from the theoretical point of view is the
infinite planar magnetron. Unfortunately this is not true from the
experimental point of view. It is possible to build finite planar magne=-
trons, but these are not the most useful forms. However, an analysis
of the planar magnetron can give a basis for the more difficult case of
the cylindrical magnetron. The orders of magnitude of the various ef=-
fects, such as space charge and relativistic effects, in the planar
magnetron should give an indication of the magnitude of these effects
in the cylindrical case,

Electronic Motion, Space Charge and Cut-off in the Infinite Planar

Magnetron, Classical Treatment

For this discussion, it will be assumed that the ideal infinite
magnetron will be oriented so that the cathode and anode are parallel
to the y~z plane; the cathode being situated at x = 0, and the anode at
the plane x = d. The magnetic field will be taken in the z direction.
It will be assumed that there is no variation of quantities except in

the x direction. Newtonian mechanics will be used.
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The fundamental equations governing the electronic motions

are

m_x'" =1

° X -e By'+efdV/dx) (71}

. f = e Bx' (72)-

Y

3
o
~<~

i

y

The symbols have the following definitions:
m, equals the rest mass of the electron;
fx and fy denote the forces in the x and y directions respectively;
e equals the absolute value of the electronic charge (coulombs)
(e is to be taken as a positive number);
B equals magnetic flux density (Webers/sq. meter);
V equals voltage difference in volts.
All distances are measured in meters. The ' symbo! indicates
differentiation with respect to time.
It will be assumed that the electrons leave the cathode with zero
velocity. With this understanding, integration of (72) yields
mgy y' = e Bx (73)
which, substituted into (71), results in
mgy x" = - e B (e Bx/mg) + e {dV/dx) (74)
This equation is integrable, using x' as integrating factor. The re-
sult, using the convention that the voltage at the cathode is zero, is
1/2 ) = - (eB/mg)’ x2/2) + (e/m ) V (75)
It is interesting to note that this equation was obtained without ‘
a knowledge of the actual voltage distribution between the cathode |
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and point x. For this reason, the cut-off relation in the non-
relativistic, or classical, treatment is independent of the presence
of space charge. This is not the case for the relativistic treatment.
The cut-off relation is obtained by supposing that the x velocity is
zero at the anode (x = d). The substitution of this relation into (75)
gives the cut-off relation .
2 2

e/mo Ve = (eB/mo) d“ 2 (76)
where V. is the cut off voltage Hereafter V. will be used to
designate the cut off voltage as calculated by the non-relativistic
mechanics.

A detailed treatment of the actual variation of V with x in the
presence of space charge, and of the trajectories of the electrons,
requires the imposition of the divergence relation and the equation
of continuity of charge. These relations are:

DivD = ¢ (divergence relation) - (77)
Div] = 0 {continuity of charge) (78)

In these equations D equals electric flux density, o equals
space charge density, and J equals total current density. For the
case of static fields, J is the convection current density and is
given by

J= pv (79)
where v is the vector velocity. For the case of variation of

quantities only in the x-direction, (77) becomes
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- e d?v/axt = p (80)
where € is the dielectric constant of space. Similarly, (78)
becomes
Jyx = const. (81)
The substitution of the divergence and continuity relations into
(79) results in
Je = - € (a%V/dx?) x' (82)
where x' is the velocity of the electrons at the x-plane. If x is
interpreted as the position of the electron at time t, and V as the
voltage through which the electron has fallen in time t, (82) integrates
to
Jet = - €dV/dx (83)
where it is assumed that the voltage gradient is zero at x = 0.
(Assume space charge limitation, neglecting initial velocities.)
The substitution of (83) into (74) yields a differential equation
for the x directed motion of the electrons in the presence of space
charge. This equation is
x" = - (e B/mo)z x - (efemg) It . (84)

This equation is easily integrable, and has the general solution

Jx mgt

x = C, cos w,t+Cysinwgt - (85) -

ce BZ .

where w, is the cyclotron frequency, eB/mo. It should be noted '
that J, is a negative number in these equations. The initial condi-

tions are‘that att =0, x =0 and x' = 0 so that C; = 0 and C,
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= J‘/( €B woz). The resulting equation for x is

Jx sin wg t

(t- — . (86)

The y-directed velocity and the y-position are obtained by substitu-

ting (86) into (73). It is assumed that y is zero at t = O.

y' = (eB/my) x (87{
cos w. .t -1
y=(-I/eB)§ /24 ;2 I (%)

The voltage at time t is obtained from conservation of energy.

Thus
2
J 2
1 m 2 2 x 1 - 89
velmsa2de X cosw ) §  (89)
Ze ezmoBz °

The equations will be reduced to dimensionless variables to obtain

a better picture of their significance. Let

V-V, (x2/42)
p= . (99)

v
c

where V. is the cut-off voltage as calculated in (76) . At x = d,
P ‘has the physical significance of being the percentage increase of
the anode voltage above the cut-off voltage. Let

= T/ (91
where J;, is the space-charge-limited current density that would
exist if the voltage V. were applied to the anode in the absence of

magnetic field.
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3/2
4€ \/ 2e ' (VQ)
JL z—-___:;__ ¢ c (92)

The substitution of these variables into (36), (8%8) and (89), with

algebraic simplification using (76) and (92) yields

x/d = 2 /9 (wg t - sin wg t) (93)
, w 2

y/d = 2OC/C){«-a(——-‘-:'-/-z-t--)—--—-!-cos wot-lg (94:)
P = 40(2/81 (1 - cos wg t)2 . (95)

Equations (93) and (94)are the parametric equations of the

electron trajectories. Equation (95) gives the voltage at any point
along the trajectory. These equations were derived on the stringent
assumption of single velocities at a given plane. As will be seen
later, this assumption is very questionable at low currents.

If, in equations (93) and (95) , the substitutions are made that
x=d, wgt=uw, t, =6 wheret, is the time of transit from the
cathode to the anode, the resulting equations are parametric rela-
tions between P and oc . This relation is the current-voltage cut-
off curve, and can be written

p =4 &’/81 (1 - cos 6)2 (96)
1 =20 /9 (8 -.me)Z
Figure 23 is aplotof p vs of . At L = 9/{4w), p =0 and for
values of o > 9/{4r) the curve approaches the Langmuir current

(the current which would flow if there were no magnetic field). As

=y 7
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oc approaches zero, 6 approaches infinity and the curve of B vs o«
oscillates back and forth, touching the line P = 0 at values of

@ = 2nm where n is a positive integer, and reaching maxima at 6
equal to (2n + 1) m where n is, as before, a positive integer. The
first several maxima and zeros of B are tabulated in decreasing

magnitudes of of .

n o 3

1 . 715 0

1 .48 . 045
2 . 358 0

2 . 286 .0162
3 .239 0

3 .204 .0083

It is seen that the zeros and maxima are interlaced. As far\gs
\
the writer knows, this oscillation of the voltage in the uncut-off magne-
)
tron has never been observed. However, some writers imply that this
oscillation in the V -1 curve is responsible for negative resistanc\e in
the electron stream.<7)

The present calculation has been made for the planar magnetron,
but its behavior should be essentially the sarme as the cylindrical
magnetron with cathode and anode radii very nearly the same.

It is of interest to calculate the space charge density in the

electron stream. Equations (93) and (95)may be used as parametric

equations relating V and x. Solving {(90) for V one obtains

v=vc{_:;.+p} : | (98)
7



Substitution into (80) gives the space charge density

- € (my/e) wl

l-coswot

Li
—

O

~0
~

Thus, at the values of t where wyt = 2nw, the elctron passes
through regions where the charge density is infinite. At these
same planes, the x directed velocity becomes zero.

The mechanics which has been used is reversible, so that dn
electron could either proceed on out to the anode from one of the

" or it could reverse its direction and

space charge '"striations,’
return to the cathode. In the plot of P vs d ., P iszero (or the
anode voltage is equal to V) for any current which places a space-
charge striation at the anode. For any current corresponding to

X >.715, V is greater than V.. It is possible to set up a solu-
tion for & <.715 with V equal to V. by assuming a double stream.
For example, let it be assumed that the transit angle from the
cathode to the anode is wy ty = 27, and that no matter what the cur-
rent, the numerical sum of the currents in the two streams is
.715 Jy,. This would automatically satisfy the divergence relation,
giving the proper voltage distribution. Then to get the appropriate
net anode current, all that is necessary is to make the difference
of the two currents equal the net flow. In this way it is possible
to set up an infinite variety of solutions in the cathode-anode region

-- all of which satisfy the macroscopic electrodynamical equations.
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In many cases, two or more very different space charge configura-

tions give the same anode voltage and current.

Symmetrical States for the Cylindrical Magnetron

In order to obtain an understanding of the static conditions in
the cylindrical magnetron, the analogue of the calculations for the

planar case will be carried out. The divergence and continuity |

equations are

3D 1
or r

Ip =2nr p (dr/dt) = current per

(101)
unit length

The current Ir is a constant. All variables are to be considered
as functions of time t for an electron that leaves the cathode at

t=0. By eliminating @ from equations (100) and (101), and using

the definition of D,, one obtains

a®v  dav 5 dr I,
{r " } - . (102)
dr®  dr 7 4t 2n €

L]

Integration of (102) yields

dV Ipt

r — = .

—_— 10
dr 2n & (103)

The initial conditions are that at t = 0, the electron is at the

cathode where space -charge limited conditions exist so that dV/dr

= 0 att=0. The equations of motion for the electron in the sym-

metrical state are
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(d/'dt)(rz (d¢/at)) = (Ber /m) (dr/dt) (104)
and
d%r/dt? - r (d¢/dt)% = (e/m) (dV/dr) - (Be/m) r (dp/dt). (105)
In these equations, B is the axial magnetic field. Integration
of (104) yields
ré (d¢/dt) = {Be/Zrn)(r2 - rcz) . (106)‘
The initial conditions for this equation are that the velocity, and
therefore df/dt, is zero at r = r, the cathode radius. The Hull
cut-off voltage can be obtained if it is assumed that the electrons
have zero radial velocity at the anode. Designate the cut-off voltage
as V., then
eV = 1/2 m (ry dg/dt)? (107)
or

Ve = (m/2e) (Be/Zm)Z rf (1 - rcz/raz )Z . (108)

Substitution of equations (103) and (106) into the equation for radial
acceleration, (105), results in

(er/'dtZ\) + (Be/Zm)z r - (Be/'Zm)2 (ré"/r‘?’)
Ir et

- -
-~

109)

2 Erm
This is the differential equation for the radius r of an electron start-
ing out at the cathode at t = 0, with a radial current 1., and includes
the effect of space charge. Introduction of dimensionless variables

results in further simplification. Let
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S=r/r, (110)
T= (Be/2m) t (111)
wp, = Be/2m . (112)
The angular frequency w; is the Larmor frequency. Equation
(109) becomes
a%s PO Ire T . (113)

dt2 s3 Zverczwl? m S .

The constant in the right hand term of equation (113) can be
expressed in terms of the Langmuir current, or space-charge-
limited current which would flow in the absence of magnetic field,
with cut-off voltage applied to the anode. In equation (113) I, is

a negative number. In keeping with this convention, the Langmuir

current will also be taken as a negative number, so that

3/2
IF-__I’
I, = - € 8\/_2'“’ .._e__. Ve (114)

9’3 m ry

In this equation, P is a dimensionless variable, which is a function

of r./r,, and is tabulated by Langmuir. Using the cut-off relation

(107) and equation (1]4) to eliminate W, from equation (113) re-
sults in
2 2 2
i_§_+s- R r; (1-- rc) 8 I T (15
at s3 rd r2 /) 36p% 1, s

Equation (115) may be written as
d2s/4 2 3 T
T +S-1/8° =K (T/s) (116)
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where 2 2

R L (137)
Z 2
Te rg/ 36pt I

The graphs in Figure 24 shows solutions plotted for K ranging from
1.6 to 16. These solutions were obtained using the REAC analogue.
computer. It is characteristic of all of these solutions that at the
first zero of dS/dT , not counting the one at T = 0, dS/dT becomes
negative. The calculation has no physical significance for r greater
than this value. The situation is not so simple for smaller values of
K (K<1.6). For values of K< 1.6, the graph of dS/d T vs T changes
its nature, dS/d T no longer becoming negative at its first zero

! T#0). When dS/dT becomes zero, but does not become negative,
there is the possibility of more than one space charge striation.
Calculations of Hartree, (8)(9) Allis, etc., indicate that space charge
striations are possible for values of S up to about two and one-half.
There is no self consistent solution which allows more than one stria-
tion, and which has a striation at a normalized rasius greater than
two and one-half. The smallest current at which a single stream
solution which has just one striation is possible is called the Allis
current, and is usually about 3/4 of the Langmuir current. This
current places a space charge striation at the anode.

These considerations lead to the conclusion that for the static

magnetron, with ra/rc > 2.5, operating at the cut-off voltage with
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space -charge limited current less than the Allis current there must
be a double stream of electrons. The arithmetical sum of the cur-
rents in the double stream is equal to the Allis current, so that the
potential distribution is the same as if the magnetron were operat-
ing at the Allis current The difference of the two currents gives
the net current flowing to the anode. This simple picture of the

-

behavior of the static magnetron does not explain conduction of cur-

ao)

rent at voltages below the cut-off, as found by Jepsen. However,

it seems reasonable to suppose that for currents that are a fairly
large percentage of the Allis current (and voltages at cut-off voltage)
the theoretical interpretation is fairly complete. Low field magnetron
oscillations have been observed at currents of about 0.05 to 0.25 of the
Langmuir current. It should be pointed out that there exists the pos-
sibility of a single stream solution in which the electrons rotate in
circular orbits around the cathode for the magnetron at cut-off. This

solution does not allow radial flow of current, however,

Electron Trajectories and Voltage Distribution

In terms of the dimensionless variables T and S, the equation

(106) for angular velocity is

d¢/dT = (1 -1/8%> (118)
T
6 = T - jdt/s2 (119)
(o]
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Using the solutions for S, it is possible to obtain the electron
trajectories by evaluating the integral in equation (119) . Figure 25
shows trajectories for ra/rc =2.5, 5, and 9.8.

The voltage at a given radius is given by
i dr dg \ 2
eV = _2 2
> mé}a—t—/ +r ((—i-t-—) S (120)
Substitution of dimensionless variables into (120) results in
1 ds . 2 dg \2
eve Lo, 22088 £, g2 de) } (121)
2 c “L dt/ dtT

Dividing this equation by the cut-off relation (107) and substituting

for (d6/dT) from (118} yields
2

. 2
v . c ?:-2’ fi_i_ +52(1- _..) % (122)
v 2 (1-12/c2)

r
c a

Figures 26 and 27 show V/VC as a function of S for

1-‘,1/1-C = 2.8 and 9. 8.
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Figure 25

Electron trajectories for the static magnetron.
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Figure 26
Voltage distribution in static magnetron at cut-off,
ra/rc = 2.8.
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APPENDIX 1II
RELATIVISTIC EFFECTS AND CUT-OFF
The relativistic effects occurring in an electrodynamical
system such as the magnetron are completely accounted for by the
change in the mass of a particle due to its velocity and by account-
ing for the electrical and magnetic fields of moving charged par-

(11) )

ticles. The change in the mass of the particle is accounted for
by using the relation {127} between mass and velocity. The electrical
and magnetic fields are accounted for by obtaining completely con-

sistent solutions to Maxwell's equations.

Cut-off in the Absence of Space Charge in the Planar Magnetron

The assumption of no space charge effects makes the analysis
applicable to the case of a single electron being released at the
cathode, and allowed either to be captured at the anode or else to
move out to a maximum distance from the cathode and then to return
to the cathode. For this case, the force equations may be written as

fy = d/dt(mv} = (-eB) dy/dt+ e (dV/dx) (123)

f, = d/dt (mvy) = eB (dx/dt) . (124)
In these equations the mass must be considered as a function o
velocity. The coordinates are taken as in Appendix I. Since space
charge effects are neglected, B is independent of position and time;

V is a function of position but not of time. With these conditions,
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(124) can be integrated and becomes

mvy = eBx , (125)

where it is assumed that the electron is released from the origin

of coordinates with zero velocity. Substitution of this relation into

(123) and integration yields

t
1 (nrwx)‘2 + %_ (eBx)2 = e f :V {mvx dt) . (126)
° x

The relation between mass and velocity is

mg
(1 - uz/cz)‘i

where m = the rest mass of the electron;

(127

u = total velocity of the electron (u2 = vf + vf )

c = velocity of light.
Alternatively, this equation can be written as

u? = c? (1 - moz/mz) . (128)

The equation (126) for x velocity can be rewritten with the aid

of (125) as
x
= / m 3V ax = ! (v2+v2)=.l mu? (129)
m dx 2 X y 2
o
Substitution of {128) into (129, gives the result
2 ¥ av
I (mz ~m§) = e / m — dx (130)
2 (o] dx
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Differentiation of this equation with respect to x gives

CZ dm= e dV . (131)
This result is in accordance with the relativistic expression for
kinetic energy, namely, the kinetic energy is the difference between
the relativistic mass and the rest mass times the square of the

o (12) : : :

velocity of light. Equation (131) shows that there is a linear
relation between mass and the voltage through which the charged_

particle has fallen. This is a special case of a more general

proposition that, for point masses,
5
kinetic energy = c2 (m - my) = J F +ds, (132)
o

where F is the force on the point and ds is element of arc.

In the present case, the part of the force due to magnetic field
does not contribute to the integral since it is perpendicular to the
velocity so that J’F- ds equals eV. It is possible with the aid of
the various proportionalities which have been derived to calculate
a relativistic cut-off expression. First, it will be assumed that the
x-velocity at the anode is zero. Equation (125) gives the y-velocity
at the anode in terms of m if d is substituted for x. When this is
substituted into equation (128), which relates mass and velocity, an
equation relating m and B results. This is equivalent to a relation

between B and V, which is the cut-off relation. For convenience,
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the pertinent equations are listed.

vy = eBd/m ; (133)
v;' = ¢? (1 - moz/mz) , (since v =0); (134)
c?(m-mg)=eV (135)
The cut off relation is
2 2 2
2eV, e” V. (eBd\ (136)
————— e + = et \
2 2 4 -

m, ¢ m,- ¢ mgc

where V| is the relativistic cut-off in the absence of space charge
effects. To get an idea of the relativistic effect, equation (136)

will be reduced to dimensionless variables. Let V_ be the cut-off
voltage, neglecting all relativistic effects., Equation (76} gives Ve

1
ds > (my/e) (e Bd/mo)z.

Let Yl be defined as the ratio of the relativistic cut-off to

the classical cut off voltage

v
1
¥ = < (137)
Ve
Then from equation (136)
eV
Y (1+ < X) = 1. (138)
1 2 1
Zmo c

The aubscript is used on 3/1 so that a similar notation may be used
in the consideration of the same problem, including space charge

effects. It is of interest that, while space charge did not affect the
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calculations of the classical cut-off, there is a significant effect in

the relativistic calculations.

The coefficient .;__ (e/m) c? appearing in (138) is an absolute

constant, the size of which determines the magnitude of the relativ-

istic effect. This constant has a value

-6 1

! (e/mo) c® =0.98 x 10 volts (139)

2z

4

Figure 28 is a plot of Xl vs V.. AtV _=5x 10% volts, the

relativistic cut-off is approximately 5% less than the classical cut-

off.

Relativistic Cut-off in the Presence of Space Charge

A complete estimate of the relativistic effects on cut-off in the
planar magnetron must include the effects of space charge. In order
to set up a possible space charge condition in the planar magnetron,
the classical results will be used as a guide. In the Brillouin steady
state, it is supposed that the electronic motion is entirely parallel
to the cathode surface, with zero velocity perpendicular to the
cathode and anode surfaces. In order to maintain this motion, the
force due to the electric field must exactly balance the force due to
the magnetic field. Figure 29 shows the directions of the various
velocity, field and force vectors in relation to each other and to
the system of coordinates which is being used.
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Figure 29

In the figure, fE is the force associated with the electric field; fy
is the force associated with the magnetic field. The vector 1 is the
current asgociated with the electronic motion with velocity Vy- It
is seen that the effect of the magnetic field associated with I is to
decrease the magnetic field at the cathode relative to the anode, or
to increase the magnetic field at the anode relative to the cathode.

Thus,
X
Bch~ /uflydx . (140)
o

where Jy is the y component of the current density vector; B, is

the magnetic field at the cathode. The permeability of free space

is given by /u . Alternatively
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d
- 14
B=B_+ ,uj 7, dx (149
xX

where JY and M are as before and B, is the magnetic field at the
anode. In each case Jy is given by p Vyr and since p is negative

and v, positive, J._ is negative (for the particular orientation of

y
coordinates and field which have been chosen). The various equa-
tions which must be satisfied simultaneously include the divergenc_e
equation and the force equations (123) and /124), as well as equa-
tions (140) or (141) which give the variation of the magnetic field.

The divergence equation is

V.-D= p = - €(a*V/dx?) (142)

The {urther assumption of conservation of energy will be made.
The relativistic statement of this is
(m - m) c? = eV (143)
For the condition of no current to the anode {assuming single
stream), dx/dt must be zero and dy/dt independent of t. It is con-
ceivable that there are other solutions where these conditions do
not hold, and (formally at least) there is no anode current. Such
solutions would be multiple velocity solutions and are discussed
in a later section. As a consequence of the single stream condi-
tions, the force on the electrons is zero. It follows from setting

the force equal to zero that
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eB (dy/dt) = e (dV/dx) (144)

eB (dx/dt) = 0 (145)

The law relating mass and velocity (Eq. 127) gives dy/dt in terms
of mass m; equation (143) gives voltage in terms of mass. Substi-
tution in {144) results in an equation which involves only the mass

of the particle. From (128), with u = vy

2 \
Vg = c? (1 - moz/mz;

and since from {131}, c®dm=e dv, (144> becomes

]
eBe (1 - mZ/m2)Z = 2 gm/dx (146)

where B is given by (140), (142}, (131), and {127, as

x 1
B=B_+ amE 2 d'm 2, 2\% \
=BT M — —5 (1"~ mg/mc) dx (147}
(o) € dx
or, from (141} as
d 1
2 2 2
B=3B, - /Uef £ dm (1 - mOZ/mZ) dx (148)
- e dx?

Note that whichever expression is used for B

dB/dx = {c/e} (1 - mj/mz)t (@2 m/dx?} (149}
where l/c2 = ME |,

Thus it is possible to obtain a differential equation which

contains only m by solving (146) for B and differentiating. The
WADC TR Fe-171 - 87 -



result is

dB _ ¢ d dm/dx
dx e dx

1/2

(1 = moz/mzf

d dm/dx

1/2
(1 - moz/mz) (dzm/dxz) = 3 72
X n- mg/mz)
Equation {151} reduces to
(dm/clx)2

m(d®m/dx?) =
1 - moz/mZ

This equation has the solution
mzmocosh(5x+ o)

where & and O are constants of integrations.

Since m = mgatx=0, O =0, so that

m = mg cosh & x .

(150}

(151)

(152)

(153}

(154)

The condition of space charge limitation is automatically taken

care of since dV/dx = cz/e (dm/dx) = 0 at x = 0. To evaluate &

the conditions at the anode must be employed; thus

2

{m - mg) ¢“ = eV,, atx=d (155)
This results in
N 2 = ‘!A
(m, cosh §a - m_, ¢ eV, (156)
or
cosh § d =1+ (eV,)/(m,c?) (157)
The magnetic field B is obtained by substitution of (154) into
(146}
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(c/e; (dm/dx)

T Y
or

B=( §cm,/e) cosh § x (159)

B.= dcmg/e (160)

B, = ( dcmg/e) cosh § d (161)

Equations (160) and (161), together with (157) give the cut-off condi-
tion. For example, if it is assumed that the magnetic field at th;
anode is the same in the presence of space charge as in the absence
of space charge, (161) and (157) give the relation between cut-off
voltage and magnetic field in terms of the parameter ¢ .

The choice of boundary conditions for magnetic field depends on
the way in which the current loop associated with the electron stream
is closed. Thus, for cylindrical geometry, the field at the anode
would be equal to the field in the absence of space charge since the
anode is outside the current loop associated with the electron stream.

The relationship contained in (157) and (161) approaches the
classical situation if B, *0 (or §+0). Keeping terms of the order
52 in the expansion of (157) and (161), one obtains

14+ eV,/mgc? =1 4 52 a%/2 (162)
and B,= §ecmy/e . (163)
Elimination of § from these equations gives the classical cut-off

relation,
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Let V2 be the relativistic cut-off in the presence of space charge
as derived on the basis of the extremely simple picture of parallel
flow of electrons, with a single velocity function. The dimensionless

ratio ¥ 2 is defined by

- = 1 22 ;2 e,
¥, =Va/Ve=V,/(5 BZ d &) (164)

In terms of b/z the parametric relations are

1+ b’z V. e/(mocz) = cosh & d (165)

1/2
[ZVc E/ﬁ'nocz)] / = &dcosh §d (166)

The information contained in these equations is presented
graphically in Fig. 30 with ¥, plotted as a function of V_. At
V. = 50 kv, the relativistic cut-off is 88% of the classical cut-off
voltage. This compares to 95% for the case of no space charge.
The restriction to a single stream is a very serious one
since it is known that (at least for non relativistic mechanicsj
a multiple stream can exist. The presence of space charge makes
a significant difference in the calculated cut off, as has been seen.
The existence of a possibility of a double stream was noted in the
classical case as a consequence of the very simple calculation of
the electron trajectories as based on an assumption of a single
stream to the anode. This is not possible in the relativistic case’

because of the non-homogeneous nature of the problem. The
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effect that a double stream would have can be calculated easily to

a first order of approximation since the magnetic field at moderate -
ly large voltages is the same whether a relativistic, or classical
space charge solution is used. With this in mind, the magnetic
field associated with a double stream of electrons will be calculated;
the space charge density and velocity will be obtained from the
classical calculations. Of course, these calculations are of
significance only when the magnetic field of the stream is small
compared to the static magnetic field. The voltage distribution

and electron velocities will be taken as in equations (89) and (86),
Appendix I. It will be assumed that there is zero net current to

the anode, but that the electrons have velocities in the x direction.
Current density and magnetic field will be calculated for this condi-
tion. The calculation is complicated by the transcendental nature

of the equations defining the state. From Appendix I,

2
J
m
v= 1 08,258 x (1 - cosw_ t)” (167)
2 e 2 2 2 °
€ w, B,
In these equations, B, is used to indicate a zero approxima-
tion to B.
_ Jx 1
x = - {t--——- sin wg t (168)
€ wy B, W,
dy/dt = el?»QX/'rlr;O (169)
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The equation relating x and t is bi-unique, but its transcendental
nature does not allow solution for t in terms of x. The use of the
equations implicitly will circumvent this difficulty. The x-velocity

dx/dt is given by

J
dx . __Ix (1 - cos wgt} . (170)
dt € wy Bo

To calculate the space charge density, the procedure will be
to follow an electron that leaves the cathode at t = 0, and calculate
the space charge density along the trajectory at each tirre t. Using

implicit differentiation, one obtains

av mgo - Jx
—_— O — wg x4+ ——— sin wg, t} a71)
dx e € B,
dZV mgq 1 !
- w2 { } (172)
2 ° 1 - t
dx e cos w,

The space charge density is given by

P=-el0 2 ! t} (173)

For the double stream of the hypothesis, in which there is a
total current J, (adding the absolute values of the densities in the
two streams) and a net outward current of zero, the velocity must
be zero at the anode or at x = d. This requires that Jy have certain
discrete values, depending on the number of striations, or regions

of infinite space charge density, between anode and cathode. The
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magnetic induction of the electron stream is obtained by substitution

into {140). The variable of integration x can be replaced with time
t, integrating to the time which corresponds to the particular x

plane. Thus
x x

2
B=B, - /qu dx = B_ + /ue[ m°“’°{ ! S‘}de,
Z y J e 1 - cos wyt dt

JY dx = Pg_).’_dx has been obtained from equations (173), (168), (169),
t

and (170). The result is

t
2 2 2
wt B -J t cos W, t
B=B_+ — °( x )[ + Z° ] (174)
C2 ewoBo 2 Wo °

The allowable discrete values of Jy are obtained from equations

(96), (91) and (92). It is necessary that the transit angle be 2nm

where n is an integer in order that the x velocity be zero at the

anode. From equation (96)

& = 9 (175)

4nm

From {91), (92) and the classical cut-off relation (76)

3
j = . € ™Mo %4 (176)

When this value {eq. 176} is substituted into equation (174), the

result is
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d* B ¢®/m’ (o 1
B=B_+ - + cos wg t (177)

t

4n21r2 c2 o

This equation defines the first approxi;;%xation to B at the x plane.

To find the total effect on the field, the”;_yvalue of t at the anode must
-
be used. This value is w, t = 2nw. T*nig substitution yeilds

4
B.=B_.+ I’ (178)
¢

_

’; b‘l,
If §dis assumed small, in equations (157), (140) and (161), and if
> L

[
]

2T
expansions are used for the functions, the same relation between B,
and B. may be obtained. Thus, to the first éipproximation, the total

oo A

reduction of the field at the cathode is thé sarﬁ’;éior the single st:éam

i % \\\
! \

as for the double stream configuration. The d}etauil_s, however, are:

different. In each case i

eVe ;
s Ky
B =B+ B, — f (x/d] (179)

mg ¢ b

For the single stream, expansions of equations (157), (15“9), (160),

and (161) retaining only terms of the order 62 results in
(%) = (}_) o (180)
d d )
For the double stream, f (x/d) is an implicit function of (x/d) aﬂ‘d;

is obtained from the cut-off relation (76), and equations (168), (17’6),

;

and (177). This implicit relation is :«‘)( PR
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1
2ntm

x
—_— = 6 - sin
x (8 - sin 0)

2 c -
(/) = (6%/2) + (cos & - 1) (181
2 wl nZ

Figure 31 is a plot of the functions of x/d for the single stream
case, and for the double stream case withn = 1.

To carry the approximation further, it will be assumed that
B(x) is given by a function as in (179), which will be used to re-
calculate the electron orbits. The relativistic expression for the
y velocity is

X
dy/dt = e/m dex (182)
(o]

For the cut-off condition Vy is zero at the anode so that

d
u=dy/dt = e/m dex =c {1 - mcz/mz)l/Z (183)

o

Use of the relation (143) between m and V results in

v2 2 2
v+ = = S }'de . (184)
2mg, c? 2m
° o

It will be assumed that the magnetic field at the anode is the

same as the field in the absence of space charge. With this as-

sumption, (178) and (76) may be used to express (179) as

eV x
4 moiz f(:)} 1792)

mgcC

eV

B=BO{1-
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Substitution of this general form for the variation of B (1792) into

equation (184) yields the general form of the cut-off relation. The

result is
2 v | 2
v+eV2=vc[1- e°2+ jf })(185)
Zmoc mg ¢ S

For the special case of a single stream, from (180} f(x/d) =

(x/d)z, and the cut-off relation is

2 2 eV 2
vV 4+ ___E_Y.__zv 1] - — —.c . (186 )
2m,c2 € 3 2
mgc mg c

For the case of the double stream, the integral can be calcu-
lated graphically. For the case of only one striation, it is equal to

approximately 1/5. This results in the cut-off relation

2 .2
v eVe
V4 ”‘E"—E - VC{E. 4 _.-._.__J (187)
Zmoc 5 mg ¢

Let XZ = V/Vc for the single stream calculation and }j’z

V/V'c for the double stream calculation. The cut-off equations

become
Ve v_ "2
4 c
1+ — = - —_ — (188
X 106 2] [ 3 106
v * V.2
b’*1+_.._°X =).——._3___°__-k ) (189)
and 2 106 © 2 5 106

The variables a/Z and b/z are shown as functions of Vc

in figure 32.
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The use of the classical solution for space charge density and
velocity to calculate the z magnetic field neglects effects of the
order (ch/mOcz)Z. This is less than 1% for voltages up to 50 kv.
Figure 32 shows the effect of the approximation for the single

stream case. The exact plot of XZ is included for reference.

Cylindrical Geometry

The pertinent algebraic equations embodying the space charge
effects, magnetic effects, conservation of charge, etc., for

cylindrical geometry are listed:

e + 2 p 190
ar ;_ r P (9)
2H

z . - pr d¢ (191)
Or dt

These equations are the divergence and curl equations for

electric and magnetic fields, respectively, from macroscopic

electromagnetics,
d dr dg |\ dv do
-— (m —-—) - mr (-—-—-) = e — -Byer I (192)
dt dt dt dr dt
d ( 2 d¢) dr
—{mr® -} = erB —_— 93
dt dt 2 at 193)

These equations are the relativistic equations of motion of an
electron with charge -e in cylindrical coordinates.

{m - my) c? = eV (194)
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(195)

n - uZ/CZ)lfz

\

u2 = c? {1 - moz/lmz) . (196)

These equations are the relativistic statements of the relations
between mass, velocity (u} and kinetic energy. As a first approxi-
mation to a solution, it will be assumed that B, is a constant equal
to B,, the magnetic field in the absence of space charge. This allows
calculation of the trajectories to get an estimate of B,. Recalcula-
tion of the electron trajectories should give a close estimate of cut-
off for moderate voltages. The initial calculation of the trajectories
will give the cut-off in the absence of space charge effects. Integra-
tion of {193) with the assumption of B, = By, a constant, results in

d B,e
df - Z° (1 -r2/e2y . (197)
m

When this result is substituted into equation (192), this equation

can be integrated, and the result is

2 2 2 2 4 2
L dys Boel (22 ore , xd | v
2 dt 4 2 2

el V2

&=

> +m eV . (198}
2c

This equation was pbtained without knowledge of the variation
of V; it depends only on its value at the limits of the integration.

To obtain the cut-off condition, set dr/dt = 0 at r = r,. The result
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is
2 2
eV Bg era2 Te
v (1 + ) = (1 " =3 (199)
‘ Zmou::2 8 m r,

The low voltage limit of this expression is the Hull cut-off

formula and is

2 2
v, = By, ery (1 ) l‘g ) {200)
' 2
8 mo ra

Re-expression of the relativistic cut-off equation {199) in

terms of the dimensionless parameter Yl = V/Vc gives
‘z(l(H___EXE_ Xl>=1 : (201)
2mg c?

This is the cut-off relation in the absence of space charge ef-
fects; it is identical to (138} which is the analogous relation for
planar geometry. To obtain an estimate of the magnetic effect of
the electron stream, an estimate of space charge density must be
obtained. It will be assumed that the electrons move around the
cathode in circular orbits ;rvith the forces just balanced out. A
completely consistent solution was obtained in the analogous situa-
tion for the planar case. If the same techniques are tried for the
cylindrical case, a singular differential equation is encountered.
The type of singularity makes this equation very difficult to handle.
However, effects on the magnetic field of the order of eV/mo,c2 can

be calculated using the class#«al space charge density and velocity.
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Thus, assuming dr/dt = 0, d¢/dt is given by equation (1%’7); V is

given by {200) where the general radius r is substituted for r,. Thus

2 2 2 2
B
V= _°_________.e r (1 . Te > ) (202)
8 mg, r‘2

Substituting into equation {190) for D, gives the space charge

density as

4
pe- Ep2 = (s+41c) (203
g8 ° m, 4

Variation in magnetic field is given by

dB,,

" - r _c_i.?; . 204
dr /AP dt ( /

This is easily integrated, and gives

3.2
BO

e
2
o

B_=B_+

2 2 4 6
r rc I'C l'c _ 2 ¥ ¢
, = B, 2{ -5 + r 8 In_--—s (205)

4dm* ¢ 2re 4.4

Te
Use of this value of B, in equation {193} to find the first

order effects on velocity will make possible the calculation of

first order effects on cut-off voltage. Thus

- r
mrz _d_?. = e r B dr
dt z
e
r Bo3 eZ‘r3 1-1":2 rf
= e j{Bc r 4 \._ - -
; 4mZc2 V2 4 2r
c

6
+ < -rrg In r)%dr . (206;
4r3 Te
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The integration yields

2 4 2.2 6
dg _ r2}+ i (r4 e pIfe T
— —— r -
dt méc? 8 8 8ro
4 2 .2
+
_Te I Te n L)g . (207}
2 Te

If it is assumed that the magnetic field at the anode is the same
as the field in the absence of space charge, thereby eliminating B,

from equation (207}, (207) becomes
B 3 el 4

mrzi? x e ?9.(1-2-1-2}- o (ra-rfrcz

2 @ ¢ 8mec?2

r T
DAL ln___)g. (208)
rf 4ra

The cut-off relation is obtained by substitution into equations
(194) and {196) relating mass, velocity and voltage., Let k = ra/rc;

the resulting relation may be written ‘as

2
v eV Vv eV
e ){ - gy (209)
c Zmoc VC Zmgc ,
where
4 -4kt + 15 - 1/k2 +8Kk% Ink
g(k)\ = . {210)

(k2 - 17
As a check on the result, we note that the limit of g{k} as
k ¥1 is 4/3, resulting in the cut-off condition as in the planar
case. The function g{k) is shown in Fig. 33. Since g(k) stays at

a value near 1, the reduction in cut-off voltage due to relativistic
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effects is of the same order of magnitude for cylindrical geometry

as for planar geometry. This effect is of the order of 15% reduction

in cut-off voltage when the classical cut-off voltage is 50 KV.
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